We investigate the quantum effects of the non-minimal matter-gravity couplings derived by Cangemi and Jackiw in the realm of a specific fermionic theory, namely the abelian Thirring model on a Riemann surface of genus zero and one. The structure and the strength of the new interactions are seen to be highly constrained, when the topology of the underlying manifold is taken into account. As a matter of fact, by requiring to have a well-defined action, we are led both to quantization rules for the coupling constants and to selection rules for the correlation functions. Explicit quantum computations are carried out in genus one (torus). In particular the two-point function and the chiral condensate are carefully derived for this case. Finally the effective gravitational action, coming from integrating out the fermionic degrees of freedoom, is presented. It is different from the standard Liouville one: a new non-local functional of the conformal factor arises and the central charge is improved, depending also on the Thirring coupling constant. This last feature opens the possibility of giving a new explicit representation of the minimal series in terms of a fermionic interacting model.
Introduction
One of the most intriguing feature of two dimensional quantum field theory is the possibility to explore directly the interplay between geometry, topology and purely quantum dynamical effects. In this simplified context one can test, for example, the influence of topologically charged fields (instantons and monopoles) in gauge theories [1] or to study the exact dependence of field theoretical quantities from the geometry and the topology of the underlying manifold [2] . A more ambitiuos (and interesting) task is to study the dynamics of the geometry itself, and particular attentions were devoted, in this sense, to non-critical string theory [3] and stringy-inspired gravities (dilaton gravities) and their generalizations [4] .
In ref. [5] Cangemi and Jackiw have shown that the usual gravity-matter interaction in two dimensions can be altered non trivially without spoiling the general covariance or introducing new degrees of freedom. These novel interactions correspond, in a geometric language, to a non-minimal coupling with the curvature and to an unconventional one with the volume form.
The first addition has been seen to produce, at quantum level, modifications familiar from conformal improvements of dynamics, namely a change in the central charge of the minimal theory. The second addition is similar to a costant electromagnetic field in flat two-dimensional space-time and reduces to that in absence of curvature. In their investigations the structure of the underlying manifold was not taken into account, essentially assuming that the space-time has the topology of the plane.
Due to experience with topological quantization rules [7] and instanton effects [8] we wonder whether non-trivial restrictions on these couplings arise from the topology and how their classical and quantum dynamics is modified by globality requirements.
In this paper, for sake of concretness, we have chosen to investigate these issues in the case of the Abelian Thirring model on a Riemann surface of genus zero and one. Actually the explicit quantal computation of the partition function and of some correlators is carried out in genus one (torus), where the topological structure is rich enough to exploit the constraints coming from non-trivial homology cycles, flat-gauge connections and instanton solutions. (On the sphere the first two features are in fact absent). Particular attention is also devoted to the dynamical consequences that these new couplings produce with respect to the usual Thirring model on a Riemann surface [9] .
We start, in Sect. 2, by briefly reviewing the non-minimal couplings introduced by Cangemi and Jackiw in ref. [5] . In two dimensions, because of the simplified indeces structure, it is possible to consistently modify the covariant derivative acting on a field, e.g. on a Dirac spinor, without introducing new degrees of freedom beyond the gravitational ones. Such modifications induces naturally two types of interactions. The first one is an additional coupling to the curvature, which, in the case of fermions, simulates the conformal improvement (Rφ) usually considered for bosons. The second one is, instead, a coupling with the volume two-form of the manifold, which, in the flat space-time limit, corresponds to a sort of background electric field. (As we shall see there is indeed a relation between the U(1)-bundle of the manifold and this last interaction.)
In Sect. 3 we explore the interplay between a non trivial topology and the new couplings, paying particular attention to the cases of the sphere and the torus. The requirement of having a globally defined action induces quantization rules for the strentgh of these interactions.
Moreover we show that their presence, in general, implies the existence of zero modes for the Dirac operator, which, in turn, entails the possibility of having chirality violating Green functions.
However, on the sphere, there is a choice of the coupling constants for which the zero modes are absent. In such a case the induced action for the conformal factor displays a new highly nonlocal contribution apart from the Liouville one, coming from the interaction with the volume form. On the other hand a non vanishing partition function on the torus can be only obtained by neglecting the volume-coupling. As a matter of fact we end up with a conventional Liouville action, the original central charge of the theory being dressed.
In Sect. 4 we investigate the dynamical consequences of the non-minimal couplings in the contest of a specific interacting fermionic theory, namely the Abelian Thirring model. We limit ourselves to the torus, where the algebra is somehow simpler. There we start by observing that the coupling with the volume-form mimics a sort of instanton background. By exploiting this similarity we are able to write down the generating functional in a closed form by means of standard technique. However, some subtleties arise in the definiton of the generating functional, if we want to obtain correlators which are well-defined on the torus.
In Sect. 5 we give the explicit form of the two-point function, both in the theory where the zero modes are absent (i.e. no volume-interaction) and in the theory where they are present.
In particular one can easily check that a non vanishing fermoinic condensate appears in the last case, as it could be expected because of the analogy with the instantons.
Let us notice that an interpretation of our result in the spirit of quantum field theory at finite temperature is also possible, due to the torus topology; we have, for example, discussed the temperature dependence of the fermionic condensate as a simple consequence of our computation.
Finally in Sect.6 we present our conclusions and the possible extensions of this work.
Non-minimal couplings for fermionic theories
In this section we briefly review the non-minimal couplings to gravity introduced by Cangemi and Jackiw [5] . However, being interested in the abelian Thirring model, we have chosen to focus our attention only on the case of a Dirac spinor ψ, referring the reader to ref. [5] for a more systematic and general presentation.
In arbitary dimension the interaction between gravity and a Dirac spinor field ψ is built by introducing a covariant derivative
whose main property is to satisfy the algebra
In eqs. (2.1) and (2.2) σ ab is the Lorentz generator corresponding to the given spinor represen-
is the curvature two-form.
In ref.
[5] the basic idea is to modify the algebra (2.2) as follows
where F µν is a two form. In dimensions greater than two, this new contribution cannot be generated only by means of the gravitational variables; it arises when electromagnetic deegres of freedom are dynamically active -but here we do not include these additional variables. In two dimensions, however, gravitational variables allow constructing the required form; in fact we can take
where g is the determinant of the (Riemanian) metric of the manifold in consideration, ǫ µν the ordinary Levi-Civita tensor and finally F any scalar field built out from the metric [ e.g. any function of the scalar curvature R(≡ e Following ref. [5] , in the sequel of this paragraph we shall only consider the two simplest contributions to F , i.e.
with A and B two constants setting the strength of the new interactions. Moreover, in ref. [5] this particular choice was also seen to fit very naturally into a gauge theoretical description of the two-dimensional gravity in terms of the extended Poincarè group [6] .
As it is clear from the aforementioned analogy with the gauge field, the new terms in eq. (2.3)
can be originated by adding suitable vector potentials to the covariant derivative (2.1). The contribution proportional to the curvature is obviously generated by the combination iAω µ (ω µ ≡ 1/2ǫ ab ω ab µ ), while the other one involves some subtleties.
The two-form
Since V is closed we can define locally a one-form a for which
where a is determined up to an exact (globally defined) one-form dβ
Thus this interaction can be obtained by adding the combination ia µ to the covariant derivative (2.1). The improved action for a Dirac spinor field now reads
where ρ is a Lagrange multiplier which enforces the constraint (2.6) and we have used the explicit form of σ ab = i 4 ǫ ab γ 5 in two dimensions.
The invariance of such an action under diffeomorphism is manifest while local SO(2) is preserved only if we modify the transformation law for the Dirac fields as follows
Moreover the presence of the field a µ introduces a further U(1) symmetry. In fact if we change the fields according to At the end of this section we will also spend some words about what results might be taken over directly to higher genus.
The sphere
The geometry of S 2 is described by the zweibein:
e a µ being a reference zweibein for a two-sphere of costant radius (taken equal to 1), while σ is the conformal factor, which will represent the Liouville mode in the following.
Choosing angular coordinates (θ, ϕ), 0 ≤ θ < π , 0 ≤ ϕ < 2π and fixing the Lorentz frame we get forê
14)
The metric related to the zweibein in eq. In order to construct the non-minimal couplings we have, first of all, to obtain a solution for the equation (2.6), defining the potential for the volume-form. To this purpose we notice that on S 2 we have instanton fields solving the Maxwell equations
The most general form of such solutions, with regular behaviour, is given by 16) where V is the volume of the manifold and k is the winding number
The corresponding gauge-connection can be now written (in a single patch) 18) where η µν ≡ √ g ǫ µν and λ solves the equation
The fieldÂ
is the instanton computed in the background geometryĝ µν . In this way λ carries the dependence on the conformal factor, whileÂ
The expression (3.20) for the instanton solution has, obviously, only a local meaning due to the singularity at θ = π, present inÂ
µ is a connection on a non-trivial U(1)-bundle; in fact we need at least two patches to cover the sphere and in the overlapping region non-trivial connection are related by a gauge transformation. Describing the system in a patch whereÂ (1) µ is regular at θ = π we get [10] 
the two expression being connected by the gauge transformation 
The non trivial structure of the instanton solution is obviously inherited by the volume potential a µ . In fact, when changing patch, one gets as a consequence of (3.22)
[Eq. (3.24) seems to suggest that a µ is a gauge connection in a non trivial U(1) bundle and this would imply that BV 2π = n, with n ∈ Z. On the sphere also the spin-connection shares an analogous non trivial structure. Due to the fact that the Euler mumber χ is not zero, χ = 2, we expect that the spin-connection ω µ does not have a global definition. Actually in the parametrization we have choosen the spin-connection can be written as [10] 
The relevant gauge-transformation, connecting ω µ in the two overlapping patches, turns out to be in this case g = exp[−2iϕ]. [ A consideration similar to the one presented above holds also
here.]
In order that the quantum theory be defined, what we, really, need is that the Dirac operator appearing in eq. (2.8) has a global meaning, i.e. its eigenvalue problem must be patchindependent. This is simply obtained if the Dirac operator
undergoes through a similitude transformation D ′ = U −1 DU under change of patch. Using the previous result, one can promptly check that such an U exists and it is given by
The requirement that U is well-defined in the overlapping region leads to the following quantization condition
Eq. (3.29) has a simple geometrical intepretation in the framework of the bundle geometry.
Neither a µ neither ω µ exist separately as connection on the principal bundle, but only the combination a µ + Aω µ has a global meaning.
This conclusion becomes even more transparent, if we look at the problem from the gauge theoretical point of view developed by Cangemi and Jackiw [5] . In this approach ω µ and a µ are not separate objects but they form, with e a µ , a gauge connection living in the principal-bundle of the central extended Poincarè group. Thus it is only this quantity that must exist globally and not its components. One can check that this requirement is equivalent to the condition found before. [Actually a complete group theoretical analysis in terms of the extended Poincarè group is quite tricky because it involves infinite dimensional representation of the relevant Lie algebra [5] , while in terms of the properties of the Dirac operator is quite straightforward.] The next step in our analysis is to explore the influence of these new interaction on the Dirac
whose spectrum governs the quantum dynamics of our model.
To every eigenfunction Ψ i of the operatorD (N ) with a non-zero eigenvalue E i another eigen-
modes are present and they have definite chirality i.e.
Their number is N = n + − n − , n + corresponding to positive chirality and n − to the negative one [11] :
Due to the presence of zero-modes, for generic N, the partition function vanishes: the generating functional is nevertheless not zero, and chirality-violating correlation functions, with chirality selection rules governed by N, appear on the theory. In fact, using the notation
one can check that the only non-vanishing correlation functions are
with p − q = N. An explicit proof of this statement will be given in sect. 4, where we construct the generating functional for the Thirring model on the torus. However it is easy to realize that this property is independent of the detail of the model under scrutiny.
Alternatively, in order to obtain a non-trivial partition function, we can choose A and B to give N = 0. A non-trivial modification of the usual Liouville dynamics, for genus-zero Riemannn surface, is therefore produced by the presence of the field λ linked to the volume-potential.
(We stress that it is not an independent field but a non-local functional of the Liouville mode).
The partition function for a Dirac fermion is
and performing the functional integration over the fermions field we get
where S Liou. is the usual Liouville action and the new contribution coming from the non-minimal coupling being
The λ−dependence of this additonal contribution can be traced back to the fact that the constraint defining the vector potential a µ is not conformal invariant. Moreover we notice that the combination −N 2 /8πσ△σ, due to the coupling Aω µ , improves the central charge of the theory.
Exploring how this new term affects the standard Liouville dynamics is beyond the aim of the present paper, even if it seems reasonable to expect substantial changes in the quantum dynamics of gravity.
The torus
With a suitable choice of the coordinates and tangent frame we can always write the field e a µ , describing a generic torus geometry, in the form e The presence of the Teichmuller parameter is not the only new feature of the torus. In fact, due to the existence of non trivial cycles, it admits more than one spin structure. Such structures correspond to the four possible boundary conditions, which one can choose for the fermions, when
, (A, P ) and (P, P ), where P (A) stands for periodic (antiperiodic). Here we will be only concerned with the (A,A) boundary conditions even if the invariance under global diffeomorphism would requires to sum over all of them. By the way, this choice will allow a finite-temperature interpretation of our results.
We have seen in the previous subsection how the volume potential can be obtained from a connection that belongs to a non-trivial U(1)-bundle over the Riemann surface and solves the Maxwell equations. Let us start therefore with discussing the structure of the non-trivial U(1)-bundle on a two-dimensional compact euclidean torus. The same procedure we have followed for the two-sphere leads to write the relevant gauge-connection (in a single patch)
where α
µ is a flat connection (i.e.an harmonic one form ǫ µν ∇ µ α (k) ν = 0), while λ is defined as in eq. (3.19).
We notice that on the torus, at variance with the genus-zero case, we have family of gauge inequivalent solutions of the Maxwell equations, labelled by the choice of the flat connection
µ in eq. (3.38). It cannot be removed by a well-defined gauge transformation: we are only allowed to perform
, that is single-valued on the torus.
These transformations are not connected to the identity and are usually called large gauge transformations. In the standard U(1)-gauge theory, where gauge invariance is respected, eq. The fieldÂ
µ in eq. (3.38) is the instanton computed in the background given byĝ µν . In this way λ carries the dependence on the conformal factor, whileÂ
µ depends only on the moduli space, described by τ . On the torusÂ
Being a connection with a non-vanishing winding number, A
µ has non-trivial boundary conditions after a homology cycle. Explicitly they read
As in the S 2 case we have:
As before a µ inherits non-trivial boundary conditions after a homology cycle from the instanton field. On the other hand the Euler number of the torus is zero, therefore the tangent-bundle is trivial and no global issue seems to be raised by ω µ .
We observe that, due to the presence of large gauge transformations, the parameter B has to respect two constraints in order to satisfy the global definition of the theory:
has to be well defined on the torus, while the now B-dependent transition functions g ij for the Dirac operator, between different patches U i , U j , must obey to the consistency condition g ij = g ik g kj [13] . One can explicitly check that both requirements are satisfied by choosing
As a consequence of the relation between the instanton bundle and the volume form a µ , the spinor-bundle also possesses non-trivial boundary conditions after the an homology cycle, we have in fact
where the antiperiodic boundary conditions has been taken into account. [ Let us warn the reader that this feature will have some subtle implications at the quantum level as we shall see in the next sections.]
We end the subsection by remarking that in the case of the torus, for B = 0, the Dirac operator has always zero-modes: due to the triviality of the tangent-bundle we cannot match the effect of the A-coupling with the B-coupling to have a partition function different from zero. Thus the theory on the torus will always produce, for B = 0, Green function in the chirality-violating sector, in strict analogy with Bardacki-Crescimanno model [14] . For B = 0, i.e. only the Aω µ coupling is present, we have a partition function different from zero. However it is the standard Liouville action with an improved central charge given by c = 1 − 12A 2 .
Some comments about the possible extension of the previous analysis to higher genus are now in order. It is clear that the procedure to construct the explicit expression for the volume form is independent of the genus. In fact it relies only upon some general properties of the U(1)−bundle. Moreover in this language the quantization rules for the (A, B)−coupling expresses the fact that the Chern-class associated to the connection Aω µ + Ba µ must be an integer:
where g is the genus of the manifold. For g = 0 and 1, this condition reduces to the ones found above.
The abelian Thirring model with the non minimal couplings
We are now ready to discuss the dynamical consequences of the non-minimal gravitational couplings in a specific interacting fermionic model, namely the Abelian Thirring model [15] .
In curved space the theory has received a certain amount of attentions in the past years:
stringy-like applications (the so-called Thirring strings [16] ) were discussed in connection with a spontaneous symmetry-breaking mechanism. The partition function for the minimal-coupled model was computed on a generic Riemann surface in [9] and on a cylinder with twisted boundary condition [17] . A formal computation of the propagator was also performed in [18] .
In the following we restrict ourselves to the case of the torus, generalizing the results of [9] and [18] to the non-minimal coupled case in genus one where new features arise. Actually it is not difficult to extend our calculations in higher genus, by using the well-known properties of thetafunctions on Riemann surfaces, but we have choosen to limit ourselves to the torus case for a double reason: the computations are more explicit without loss of physical consequences and the finite temperature interpretation of the theory, after a partial decompactification, is also possible. In this sense our results can be related with the ones presented in [19] , where gauged and un-gauged Thirring models on the torus were studied. fiore On a two-dimensional euclidean torus the Abelian Thirring model with non-minimal gravitational couplings is characterized by the classical Lagrangian
where the couplings of the new interactions are subject to the constraints (3.43).
An action quadratic in the spinor field, which is more suitable for the path integral formalism, can be achieved by introducing a vector field H µ . The lagrangian now reads
In the Lagrangian (4.47) the fermionic sector is now also invariant under the gauge transfor-
where u(x) is an element of U(1). This symmetry is, however, explicitly broken by the quadratic piece in H µ (x). As a matter of fact H µ is not a gauge connection, and consequentely its harmonic piece h µ is not restricted to take values in [0, 1].
The quantum version of the abelian Thirring model in the presence of the new gravitational couplings is defined by the following generating functional A puzzling feature might be, obviuosly, the dependence of our results on the reference point O and the curve γ Ox , used to define the generating functional (4.49). As we shall see in the following, though this dependence exists, it is quite trivial and does not affect the physical content of the theory.
Performing the integral over ρ the field a µ in eq. (4.49) is replaced by the expression (3.42).
Moreover the integration over a µ reduces to an ordinary integral over all the gauge inequivalent flat connections α µ , which parameterizes the moduli space of the solutions of the constraint (2.6) (for details see the previous subsection). Therefore the generating functional now reads
where we have used that BV /2π is an integer N and the Landau gauge for the field a µ
We are ready now to evaluate the fermionic integral in eq. (4.50). In the following we shall use e Actually one should introduce an analogous phase depending on the spin connection ω µ . This additonal phase would take care of the possible Lorentz tansformation when one changes the patch. Since geometry is a fixed background, this extra contribution is only an overall factor, which can be diregarded for the moment and eventually restored at the end of the computation. a compact notation to avoid cumbersome expressions. The symbol D (N ) will stands for
while η a (η a ) will denote the external currents dressed by the corresponding phase factor. In addition we shall introduce a new operator S (N ) defined by n (x) for Ker D (N ) , an explicit expression for such operator is given by
In the following we shall focus our attention on the zero modes appearing in the fermionic integrations. This issue requires some caution in order to get a sensible result [21] . We begin by performing the change of variables
in the path integral (4.50). After some cumbersome algebra, our generating functional takes the form
(Note that the current are now decoupled from the fermion fields except the zero modes). The
Berezin integration over the fermionic degree of freedom produces
) is the (regularized) product of the non-vanishing eigenvalues. Our next step will be accomplished with the help of the Hodge decomposition for H µ , namely
In fact we can use eq.(4.57) and the explicit expression for A
µ to obtain
with 
where we have used a N × N matrix C to have an orthonormal basis also for the null space of
is a differential elliptic operator acting on the sections of a vector-bundle over a compact manifold, and we can therefore use the ζ-function definition [20] of the determinant to get, with a straigthforward application of the technique introduced in [21] , the result
We have three different contributions: a "global" one, coming from the instanton and the flat connections, contained in det ′ ( D (k) ), that will be computed by brute force in the following; an highly non-linear and non-local part, | det(C) | −2 , linked to the zero-modes subtraction; and finally a local bosonic action S (N )
(4.62)
In order to manage the source-dependent part we introduce the operatorŜ (N ) defined by the equation 
Thus the generating functional turns out to be:
The prime on the measure means that the functional integration must be carried out only over the non costant modes of φ i and 2π det ′ (△) −1 f is the Jacobian of the change of variables from
Some remarks about the expression 
The N = 0 theory
We start by considering the theory with N = 0: we find that the central charge is modified not only because of the presence of the A-coupling but an extra g 2 -dependence appears through the Thirring interaction. This fact is not a priori expected, since , in the minimal-coupled case, the central charge is independent of g 2 . We also derive the explicit form of the propagator: this computation could be relevant by itself because, at least at our knowledge, does not appear in the literature an explicit calculation of the massless Thirring model's two-point function on the torus. From this computation is not also difficult to obtain the finite-temperature propagator, f As usual the symbol det ′ means that the zero eigenvalue is excluded.
decompactifying the x 1 -direction.
The partition function
The absence of B-coupling simplifies the expression for the generating functional (4.67): no zero-modes are present and the partition function does not vanish. Switching off the source terms in eq.(4.67) we have the following factorization for the partition function
From eq. (5.68) it is also clear that the partition functions splits into the product of two factors, which can be computed separately. The former, Z local , depends only on the fields φ i (x), while the latter, Z global , depends only on the harmonic form h µ .
-Computation of Z local
If we introduce the vector notation Φ(x) ≡ (φ 1 (x), φ 2 (x)), Z local takes the form
where O is the following operator
and the source J(x) is
The functional integral is gaussian and is easily performed. We obtain However the question of which screening operators must be introduced to obtain the correct Green functions is not evident.
-Computation of Z global
We come now to the evaluation of the Z global , which is given by
The determinant corresponding to the operator det ( D (0) )[h]) can be computed by a explicit construction of the associated ζ−function
Actually, we shall evaluate the determinant of det ( D 0 ) 2 and then we shall extract the square root of such expression. The operator D (0) is given by
where△ and∇ µ are the laplacian and the covariant derivative in the background metricĝ µν .
Taking into account thatĝ µν is flat and independent of x, it is very easy to check that the eigenfunctions of this operator are given by
where ρ is a constant spinor. The ensuing eigenvalues are then obtained by substituting such expression in eq. (5.76)
The degeneracy of each eigenvalue is two. In fact only two independent constant spinors ρ exist.
The imposition of (A, A) boundary conditions requires that p µ belongs to the lattice
The associated ζ−function, which defines the determinant, can be now easily written down
where we have used the explicit form of the metric to reduce the expression to this form. The factor 2 is due to the degeneracy of the eigenvalue.
The explicit computation of ζ ′ (0) is not difficult and it is given for more general non-hermitian operators in [23] . Here we shall only quote the final result, which can be expressed in terms of theta functions
Thus the determinant for the global part is det (
To determine Z local we have now to compute the following integral
The integral over h µ can be performed expanding the theta functions as series of exponentials:
we end up with a series of gaussian integrations whose result can be recast as theta function with characteristic [24] Z global = 1
where the covariance matrix Λ is
and
Actually to obtain this result we have to impose that
> −1, which is the usual bound for the unitarity of the Thirring model [25] .
The final expression for the partition function turns out to be
the only effect of the non-minimal coupling being contained in the Liouville sector.
The fermionic propagator
All the correlation functions of the Thirring model can be constructed in term of the buildingblock propagator, due to the quasi-free character of the theory, therefore we limit ourselves to the computation of the two-point function.
We use the notation:ψ
We can easily derive from the generating functional (4.67) the fermionic propagator:
Let us notice that for N = 0 the additional phase in the propagator disappear. However in the next section, where we shall address the same question in the sector N = ±1, the presence of the phase depending on a µ will play a fundamental role.
In absence of zero-modes of the Dirac operator, only S RL (x, y) and S LR (x, y) are different from zero and we get
We have normalized the propagator to the partition function (as usual) and we have introduced
[h] that are respectively the local part and the global part of the Dirac determinant previously computed (we have also included the H µ H µ term for convenience) y) is a generalization, to the present case, of the well-known Szego kernel (S
(5.91) and we have found it useful to introduce the complex coordinates
The Szego kernels are linked to the Green function of D (0) :
where
The quadratic integration over φ 1 , φ 2 is performed to obtain exp π (
95)
G △ being the Green function of the laplacian △ on the torus of metric g µν , with the zero-modes projected out. The integration over the harmonic field h µ is long but straightforward leading to final expression for the whole propagator
Λ is the covariance matrix eq. (5.84) and the vector V (z) is
To extract the singular behavior in eq. (5.96) we use the expansion forḠ △ (x, y) as
where λ was defined in eq. (3.19), δ(x, y) is the geodesic distance andḠ△(x, y) the Green function for the flat torus, whose expansion at short distance is
Thus we define the renormalization wave functions
In the previous formulae µ represent the subraction point of our renormalization scheme and it corresponds to the usual mass-scale appearing in the operator solution of the Thirring model [26] .
This wave function renormalization is equivalent to the renormalization of the fermion field in the flat-space Thirring model [25] and it is very much expected, being the ultraviolet behaviour independent of the topology of the space-time.
One can check that the propagator is single valued (z → z + 1 and z → z + τ are the periodicity in the complex variables) and at short distance (z → 0) the behaviour on the plane is recovered.
In fact one finds <ψ(x)ψ(y) >≃ |z − w| First of all let us recall that the partition function is now zero. However, using the generating functional eq.(4.67) and the fact that for N = ±1 there is only one zero-mode (with respectively different chirality), we derive that the simplest non vanishing Green function is the two-point one:
where S LL (x, y) and S RR (x, y) are A direct computation is too lengthy, so we proceed by a means of a trick. We introduce the straight line r xy connecting x with y and the closed circuit C formed by γ xOy and r xy ; then, with the help of these two paths, we rewrite the phase as follow
The first term is evaluated by using the Stokes theorem and it gives the area enclosed by C.
The second one can be almost explictly computed by means of the explicit expression for A
µ . At the end, combining the two results, we have
where we have introduced the notation
and the holomorphic coordinate z and w.
The computation of (6.104) and (6.105) is again performed in two different steps, one for the quadratic integration over the local degrees of freedoom and the other for the more involved finite-dimensional integrals over α and h.
The quadratic integration over φ 1 , φ 2 is standard: it gives a contribution to S LL (x, y) equal to
RR (x, y) is obtained by changing A in −A. One can check that the ultraviolet renormalization costant Z L,R previously introduced automatically makes the correlation function finite.
The computation of the global part S Glob.
LL (x, y), S Glob.
RR (x, y) is more involved: first of all we need det
. The eigenvalues and their degeneration are derived in the Appendix:
with degeneration 2. Using ζ−function definition we get
We notice that this determinant does not depend α µ and h µ : this is no longer true for the zeromodes as one may notice looking at their explicit functional form presented in the Appendix.
The integral we have to perform is (we restrict ourselves for the moment to N = 1)
where we have used the explicit expression for the zero-mode eq.(A.133), obtained in the Appendix. We have obviously included in the previous integration the α µ -dependent piece in the phase factor eq. (6.109). Expanding the Θ-functions as a series of exponential the integral over h 1 , h 2 is of gaussian type, and after some boring but straightforward computations we remain with
(6.115) and the vector h is (n + 1 2
(w −w). The integration over α 1 can now be performed leading to a δ m,n in the sum: we remark that without the introduction of the phase factor this nice integration cannot be done, because the integral would be quadratic in α 1 . Another magic of the phase factor is that now the exponential factor can be recast in a way that the sum over n simply changes the integration region from (0, 1) to (−∞, +∞), allowing another easy gaussian integration. The final expression is very simple:
and the same result applies for S Glob.
RR (x, y).
The final expression for the full (gauge-invariant) propagator is:
where the translational invariance is broken only by the geometrical factors linked to the background conformal factor. The short distance behaviour of this propagator is completly determined by its local part, no contribution coming from the integration over the harmonic field: > −1), except for the free-fermion case where it vanishes. We do not have an explanation for such a behaviour and could be interesting to compare our results with the scaling laws obtained in [27] , where the Thirring model in topological non-trivial background was studied.
As we have promised in the introduction, we present a nice application of finite-temperature quantum field theory to our model: for N = ±1 the theory develops a fermionic condensate at T = 0 temperature. From the explicit expression of the propagator is, in fact, possible to extract, by means of a coincidence limit, the vacuum expectation value of the composite operator ψ (x)ψ(x) = ψ L (x)ψ L (x) +ψ R (x)ψ R (x) . For the finite-temperature interpretation we take σ = 0 (flat-space), we define the temperature T from τ = i 1 T L and then we perform the thermodynamical limit L → ∞ (we have to restore in the correlators the factor L, measuring the size of the torus). In the limiting procedure a new divergence arises, linked to the composite operatorψ(x)ψ(x), that must be subtracted at the same scale µ where the wave function renormalization was defined. Using the expansion for the scalar Green function on the flattorus, described in eq (5.100) , and letting L → ∞ we get:
(6.119)
We notice that in the region of unitarity the zero-temperature limit is regular, leading to a vanishing condensate. The scaling exponent of the temperature is 
Conclusions
In conclusion we have thoroughly studied on the two-sphere S 2 and the torus T 2 a fermionic system coupled in a non-minimal way to gravity: the strenght of the new interactions, introduced by Cangemi and Jackiw in ref. [5] , must be quantized in order to preserve global properties of 
